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Abstract
The evolutions of grain growth in ceramics with ABO3 type structure were simulated at atomistic level by the Monte Carlo
method with Visual C// language. Several parameters, such as initial seed number, seed activation coefficient, sintering
temperature and time, were incorporated. Realistic images in series were monitored and quantitative data were obtained, including
the fractal dimensions of grain boundaries during the kinetic evolution of grain growth. The resulted kinetic exponents of grain
growth were variable during the process of simulation, being smaller (/1.8) at early period and larger (/5.5) at later stage. It was
in good agreement with the experimental result of practical (Ba0.9Sr0.1)TiO3 ceramics.
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1. Introduction
It is now established that there is a strong correlation
between the physical properties of ceramics and their
microstructures, which result mainly from the grain
growth process [1/3]. Therefore, the study of grain
growth during the microstructural evolution is of
fundamental importance [4/6]. Grain growth is a
process by which the average grain size or area increases
with time in a material, usually at high temperature. One
of the most important driving forces results from the
decrease in the total free energy of grain boundaries,
which accompanies reduction in the total boundary area
[7]. This force drives the boundary to migrate towards
its curvature center. Consequently, larger grains grow at
the expense of smaller grains that diminish in size and
even disappear. Other driving forces may originate from
the difference in the volume free energy between the
grains on either side of a grain boundary, due to
difference in chemical composition, defect density, or
grain orientation.
Recently a variety of computer simulation techniques
have been developed to describe grain growth in
polycrystalline materials. The most widespread ap-
proach to model grain growth is based on a Monte
Carlo technique, usually formulated as a Potts model
[6,8]. Area in two-dimension or volume in three-dimen-
sion is divided into separate pixels, each of which is
assigned a particular grain identity characterized as a
state. The migration of grain boundary is achieved, by
changing the grain identity of pixels that adjoin the
boundary. The pixel chosen at random is then allowed
to change its state so as to minimize energy, with a
probability defined by a Boltzmann distribution of
probable states according to their energy levels. Having
the same state as neighboring pixels gives a lower
energy, while having a different state produce a higher
energy. Grain boundaries move as the pixels at the
boundaries change states. The energetics of grain
growth is addressed through modification of interaction
energies. The advantage of the Potts model is that it is
very easy to extend to 3D, in addition to easy to code.
Limitations are however as follows: large simulations
are required to obtain truly accurate results, arbitrary
curvature/velocity relationships are not easy to define,
and detailed configuration at atomistic level can not be
obtained.
In this paper, the simulation of grain growth at
atomistic level is achieved for the ceramics with ABO3
type structure. One of the distinctive advantages in this
study is that realistic images in series during grain
growth process can be monitored at atomistic level.
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For example, the mismatching of ions within grain
boundaries can be clearly distinguished, as well as the
different configurations of ions in different grains with
different orientations. Another advantage is that several
kinds of data can be simultaneously obtained, such as
ion numbers, grain boundary length and even the
evolution of fractal dimensions of grain boundaries in
different grains.
2. Theory
2.1. Representation of ABO3 structure ceramic
Fig. 1 shows a unit cell of ABO3 structure with three
different ions, A2, B4 and O2. Ceramics with such
structure are typical materials with usually ferroelectric
behavior [9/11]. They belong to generally perovskite
structure, such as BaTiO3, SrTiO3 and PbZrO3 [12,13].
There is a ferroelectric/paraelectric phase transition at
the Curie temperature (Tc).
During the simulations the three different ions in
ABO3 type ceramics are represented by different radii
and colors. Projections along three typical lattice plane
[001], [011] and [111] are displayed in Fig. 2 with three
different shapes, i.e., square, rectangle and hexagon.
Consequently, it is quite convenient to see in details
configurations of ions not only in the areas of grain
center but also in the regions of grain boundaries.
Therefore, the possible coordinates of P ?(x ?, y ?) for a
new ion around the present ion of type A, with
coordinates of P (x , y ), in a grain with random orienta-

























=2+r; a0 is the constant of unit cell, r is
the ionic radius, rand/1 or 3 if P ? belong to the ion of
type B, and, rand/0 or 2 if P ? belong to the ion of type
O for [001] lattice plane. Other cases can be deduced in
similar way.
In three-dimension, an ion, P (x , y , z ), of type A in
ABO3 structure is neighbored with eight ions of type B
and 12 ions of type O. The coordinates of possible new






here a0 is the constant of unit cell, r is the ionic radius,
rand is a integer (0/19) representing different positionFig. 1. Unit cell of ABO3 structure ceramics.
Fig. 2. Projections along lattice plane [001], [011] and [111] of ABO3
structure ceramics.
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of new ions P ? related with ion P , and, P_P ? dx [rand],
P_P ? dy [rand] and P_P ? dz [rand] are relative distances
between ions P and P ?.
As the orientations of different grains in ceramics are
usually random, the direction of them can be expressed
by three angles, i.e. Eulerian angles c , F and u (0B/c ,
F , uB/2p ). Consequently, the coordinates of possible
new ions can be transformed as follows.
2.2. Interactive forces between ions
For any of ions in the ceramics, it is situated within
electrostatic interaction of neighboring ions. For exam-
ple, the interactive force of an ion with dark colors in





















It can be seen that the contribution of the force
decreases quickly with the increasing of distance, r ,
between ions. Therefore it is reasonable to neglect the
interaction with ions far away. Resultant force along a









Moreover, Fig. 4 shows that electrostatic interactions
for the ions within grain boundary result from not only
the ions in the same grain but also the ones in
neighboring grains. The interactive force is thus ex-































Here, i is a line passing the considered ion (dark color),
n is an ion on the line, l is a distance between the
considered ion and an ion in a neighboring grain, ui is
an angle between the line i and the coordinate axis, and
ul is an angle between the line connecting the considered
ion and an ion in a neighboring grain, and the
coordinate axis.
In three-dimension, the interactive force of an ion




















Here, i is the ion number, Qi is the charge of the ion, Ri
is a distance between ions, r is a minimum distance
between ions.
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2.3. Flow-chart of simulation of grain growth
As the true nature of the grain growth process may lie
somewhere between growth driven by the grain bound-
ary curvature and a random walk process [14]. In this
paper, therefore, both of them have been incorporated
into the programs of simulation, to achieve a realistic
simulation of grain growth process. The former is
achieved by a deterministic calculation to simulate the
diffusion process. In this case mainly the direction of
ions across a grain boundary, driven by the release of
free energy as the ions move across the boundary from
the convex surface to the concave surface. Alternatively,
the driving force originates from a position with higher
chemical potential to another with lower one. The latter
is employed by the Monte Carlo methods with a certain
probability, to model the random process that ions in
the matrix transport onto the grain boundaries. In
addition, ions jump from one grain to a neighboring
grain due to thermal activation.
The flow-chart of the simulation for grain growth in
ceramics is thus displayed as following.
There are actually two major steps for the simulations
at atomistic level. The first step is to randomly produce
the initial seed positions. The second step is to let the
seeds grow according to the basic principles of grain
growth process. For examples, the movement direction
of ion is towards the center of the boundary curvature,
and the probability of ionic jumping across a boundary
is inversely proportional to the principal radii of the
curvature, and is exponentially proportional to the
temperature.
Several values of the different parameters have been
used to simulate images for the optimization of micro-
structure at atomistic level. The parameters are de-
scribed as follows. Initial seed number (N0) is the
number of seeds to be grown. Seed activation coefficient
(a ) is a parameter to represent the rate producing new
seeds during the grain growth in which new seeds
number N/N0 exp(/aT ). Sintering temperature (T )
corresponds to the temperature in practical ceramic
sintering, which also contributes to the probability of
ionic jumping across a boundary. Sintering time (t)
indicates the soaking time in practical ceramic sintering
and here is equal to the cycles of growth for all of the
ions in whole system. Table 1 shows the values of
parameters selected. The detailed results are discussed as
follows.
Fig. 5. Diagram for interactive force of ions in three-dimension.
Table 1
Values of parameters used
Initial seed number (N0) 5 10 15 20
Seed activation coefficient (a ) 0 0.25 0.50 0.75
Sintering temperature (T ) 1100 1200 1300 1400
Sintering time (t ) 100 200 300 400
Ion radius (r ) 0.05 0.10 0.15 0.20
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2.4. Kinetic exponent of grain growth
Using a phenomenological approach, Burke and
Turnbull deduced a parabolic relationship for grain




where Rt is the average grain size at time t , R0 is the
initial average grain size, and C0 is a constant. After a
longer growth time, there is usually Rt /R0, therefore
R2t:C0t
As experimental results [16/18] deviate in general
from the above parabolic law, a more general expression
is usually written as
Rkt C0t
or in logarithmic form
log A (2=k) log tC
Here k is known as the kinetic exponent of grain
growth, A is the average grain area, and C is a constant.
Therefore, the value of the kinetic exponent, k , can be
obtained from the slope of the linear regressive line of
log A versus log t .
2.5. Fractal dimension of grain boundary
During the simulation of grain growth, the grain area
and grain perimeter in two-dimension or the volume of
grain and the surface of grain boundary in three-
dimension can also be obtained simultaneously. The
fractal dimensions of grains can therefore be acquired






here PG is the perimeter of grain boundary and AG is the






where AG is the surface area of grain boundary and VG
is the volume of grain in three-dimension. They can be
transformed and simplified into logarithmic forms,
log PD=2 log AC1
in two-dimension, and
log AD=3 log VC2
in three-dimension.
3. Results and discussion
3.1. Simulated images of grain growth
Simulated images of grain growth can be easily seen in
three-dimension. A grain is showed at different angles
and different growth time in Fig. 6. It is obvious that the
grain surface is quite rough at early stage of simulation,
and that become smooth at later stage of growth.
Fig. 6. A grain at different angles and times.
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Fig. 7. Sequential images of grain growth in three-dimension.
Fig. 8. Sequential images of grain growth in multi-layer.
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Sequential images of grain growth, obtained using the
optimized parameters, are shown in Figs. 7(a/d) and
8(a/d). To simulate the images, the values of several
parameters are fixed as N0/10, r/0.10 nm, a/0.25
and T/1300 8C.
Such realistic images resemble SEM micrograph of
(Ba0.9Sr0.1)TiO3 ceramics [21]. The evolution of grain
microstructure can be seen in the images, which
culminates the growth of the seeds eventually adjoining
to form grain boundaries.
3.2. Kinetic exponent of grain growth
As all of grain areas can be collected during the
simulation, average grain areas in different grains can be
calculated. Therefore, the average grain area versus
growth time, in logarithm, can be plotted. The kinetic
exponents of grain growth correspond inversely to the
slope of curve. They are about 1.8 at the early stage of
the simulation and then increased towards to 5.5 at the
later stage, as shown in Fig. 9. It can be seen that the
kinetic exponents of grain growth are actually a function
of the time. It is also in good agreement with the
experimental results of (Ba0.9Sr0.1)TiO3 ceramics [21].
This may be due to that green body, which is to be
sintered into ceramic, at the early stage of sintering has
higher activation energy than those at the later stage of
process.
3.3. Fractal dimensions of grain boundaries
Fig. 10 shows the time dependence of the fractal
dimensions of grain boundaries in ceramics simulated. It
can be seen that the fractal dimension decrease towards
to 2.0, the value for ideal plane, with the time of grain
growth. It means that the surfaces of grain boundaries
become smoother with growth time, which can be also
seen in Fig. 6.
4. Concluding remarks
The grain growth process of ABO3 type ceramics was
simulated at atomistic level by the Monte Carlo methods
with Visual C// language. Realistic images in series
were monitored and quantitative data were obtained
during the kinetic evolution of grain growth, including
the numbers of ions, lengths and fractal dimensions of
grain boundaries in different grains. The resulted kinetic
exponents of grain growth were variable, from about 1.8
at the early stage to 5.5 at the later stage of sintering. It
was in good agreement with the experimental result of
practical (Ba0.9Sr0.1)TiO3 ceramics.
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